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Exercise 6.1

Prove that if P(a,b) factorizes, then the correlation between a and b is zero.
Solution

On page 158 we are given an expression for computing the statistical corre-
lation between observations o, and oy,.

(oa0s) = (0a) (o0)

Therefore, we need to prove that (o,04) — (04) (o) = 0 when P(a,b) factor-
izes. We can re-write this equation as follows

(0a03) = (0a) (o0) (1)

The expectation values (Section 4.7) (o4) and (o) can be written as (Eq.
4.11)

(0a) = Zga - Pa(0q)

and



or) =Y _ oy Pploy)
b

Which are no other than weighted sums, this is, sum of possible outcomes
weighted with the probability functions P4 or Pg respectively.

Likewise, we can write (o,0) as
(oqop) = Z 0a0p - P(0q,0p)
a,b
Therefore, equation (1) becomes
Zaadb P(oq,00) Zaa Pa(oa) Zdb Pg(op)
ab
If P(oq,0p) factors into P4(o,)Pp(0p). The previous equation becomes
> 04+ Pa(0a) - 0 Po(0w) Zaa Py(0a) ZUb Pg(op)
a,b

And finally

Zaa Ps(oq) Zab Pg(op) Zaa Py(og Zab Pg(op)

Since the equality (1) is satisfied, there is no statistical correlation between
observations o, and o, when P(a,b) factorizes.

Exercise 6.2

Show that if the two normalization conditions of Eqs. 6.4 are satisfied, then
the state-vector of Eq. 6.5 is automatically normalized as well. In other
words, show that for this product state, normalizing the overall state-vector
does not put any additional constraints on the a’s and f3’s.

Solution

Fore reference, Eqs. 6.4 are



ayon, +agog =1

ﬁ;ﬁu + ﬁ;/Bd =1

And Eq. 5

|product state) = o,y |uu) + B4 |ud) + By |du) + gy |dd)

If |product state) is normalized, then the inner product with itself yields the
unit length. This is, (product state|product state) = 1.

The bra form of Eq. 5 is

(product state| = ), (uu| + o, 5] (ud| + o582 (du| + a5 (dd|

Remembering that the inner product (i|j) between any orthonormal vectors
i and j, yields zero if ¢ # j and one if i = j. We can compute

(product state|product state) = (ag,5;, (vu| + o, B (ud| + a5, (du| + ...
a5y (dd]) - (P |uw) + oy By lud) + agfy |du) + aqgfq|dd))

which working out the math we get

(product state|product state) = o a0 By + w5584 + ...

agaayPu + agaaByBa

if we factor the terms we find

(product state|product state) = (o v, + ajaq) (B Bu + B84)

Finally, introducing Eqs. 6.4 we find

(product state|product state) = (1)(1) =1



Therefore, normalizing the product state vector does not introduce any ad-
ditional constraints on the a’s and (’s.

Exercise 6.3

Prove that the state |sing) cannot be written as a product state.
Solution

Equation 6.5 and Section 6.6 tell us that such a product state can be de-
scribed with four complex numbers, namely «, and a4 for system A and
By and By for system B. With this idea in mind we will prove that |sing)
cannot be written as a product state.

First, lets assume that we can write |sing) as a product state. Under that
assumption, we will attempt to compute the four complex numbers (the a’s
and f’s) using the following system of equations.

ayfBy =0
au/Bd = 1/\/§
adﬁu - _1/\/5

adﬁu =0

However, it is easy to realize that we can not satisfy the previous system of
equations (e.g. first and second suggest that 3, = 0 but our third equation
suggests otherwise) and therefore |sing) cannot be written as a product
state.

Exercise 6.4

Use the matrix forms of 0,0, and o, and the column vectors for |u} and
|d} to verify Egs. 6.6. Then, use Egs. 6.6 and 6.7 to write the equations
that were left out of Egs. 6.8. Use the appendix to check your answers.

Solution



First we need to verify (Equations 6.6) that

ozlu} = [u}

oz|d} = —|d}
orlu} = |d}
ou|d} = |u}
oylu} = ild}
oylu} = —iu}

The spin operators o,0;, and o, in matrix form are

(1 0
7= \o -1
/01
9= =11 o
0 —i
W=\ o0

And the column vectors for |u} and |d} are

-
a={1}

Now we apply each operator to each vector and verify with Eqs. 6.6



) R

The expressions above are consistent with Eqs. 6.6 and therefore we verified
them using matrix forms of spin operators and column vectors. Now we
need to use Egs. 6.6 and 6.7 to write the equations that were left out of
Egs. 6.8. Equations 6.7 are

Telut = |u}
Tzld} = —|d}
Telu} = |d}
Te|d} = [u}
ylu} = ild}
ylu} = —ifu}



Also, Eqgs. 6.8 are

o, luu} = |u}

0z|du} = —|d}
or|ud} = |d}
oulddy = [u}
oylun} = ild}
oyldu} = —ilu}

T uu} = |u}

7:|du} = —|d}
Tolud} = |d}
Toldu} = Juj
Tyluu} = ild}
Ty ldd} = —ilu}

The equations that were left out can be viewed as blank entries in the next

table

o || |uu) — |du)

Oz |dd) |ud)
oy || i|du) —1 |uw)

T || |uuw) |du)

T |uw) |dd)

Ty || ilud) —1 |du)




In order to fill out the rest of the table we will proceed as follows for the
entry in the first row and second column

0z |ud) = (0 @ 1) - (Ju} @|d))
= (oz[u}) @ (Id))
= ([u}) @ (|d))

— Jud)

Replicating this procedure for the rest of the blank entries we can complete
the table as follows

oz || |uw) lud) —|du) | —|dd)
o || |du) |dd) |uw) lud)
oy || t|du) | ildd) | —iluu) | —i|ud)
Ty || |uu) | —|ud) |dw) — |dd)
Tw |ud) luw) |dd) |du)
Ty || i|ud) | —i|uw) | dildd) | —ildu)

Exercise 6.5

Prove the following theorem:

When any of Alice’s or Bob’s spin operators acts on a product state, the
result is still a product state.

Show that in a product state, the expectation value of any component of &
or T is exactly the same as it would be in the individual single spin-states.

Solution

First we show that when any of Allice’s or Bob’s spin operators acts on a
product state, the result is still a product state.

A product state can be defined as follows (Eq. 6.5)



|product state) = {a|u} + ag|d}} @ {Bu|u) + Bqld])}

Where the o and 5 terms are constants. Now if any of Alice’s (o,,) or Bob’s
(7») spin operators act on the product state we find

{on, ® 7} - |product state) = {0, - (|u} + agld})} @ {7 - (Bulu} + Bald})}

= {lu} +rald}} @ {0u|u) + dald)}

Where the v and § terms are constants. The previous expression continues
to satisfy the definition of a product state.

For the later part we need to show that the expectation value of any com-
ponent of & or 7 is the same the same in both product state and single-spin
states.

The most general form of a component of & is given in Eq. 3.22 (and Eq.
3.23) as follows

op =01
= 0zNg + oyny + 0N,

(00 gg J) s (£°)n
- <(nz szy) nm—niny >

Therefore, we can also define a component of T as

= (o Ty ")

The bra and ket vectors of Alice’s single spin state (Beginning of Subsection
6.5 p.163) are

|A) = ay|u} + agld}



(Al = ap{ul +agld]

Now the expectation value of the component o, is given by

n. (ng —iny) 1 1
(Al on [4) = (4] (o + aq )
(ng +1iny)  —n, 0 0
n, Ng — 1My
= (A] [ o + ay
(ng +iny) —n,

. i} ayn; + ag(ng — iny)
= (e {ul +a3{d])
ay(ng +iny) — agn,

i} . ayn; + ag(ng —iny)
(oo} fon)
ay(ng +iny) — agn.

= aj{aun, + ag(ng —iny)} + aj{ou(ng +iny) — agn.}

Rearranging the previous expression we find

(Al oy |A) = na(ayaq + ogay) —ing(og,0q — ajon,) + nz (a0, — ajog)

In a similar fashion we find that the expected value for the component 7, in
Bob’s single spin state is

<B‘ Tm |B> = ml’(ﬁ;ﬁd + ﬁ;ﬁu) - Zmy(ﬁqjﬁd - ﬁ;ﬁu) + mz(ﬂqué)u - Béﬁd)

Now we need to compute expectation values of o, and 7, in the product
state. To keep the computations tractable yet explicit we will use the com-
ponents in the form

op = (0gNg + oyny +0.n;) @ 1

10



Tm =1 @ (Tymg + Tymy + T2m)

instead of the matrix and column vector form. We define a product state
|PS)

[PS) = {aulu} + aald}} @ {Bu|u) + Bald)}

Or in bra form

(PS| = {aj{ul + ag{d} @ {8 (u] + 5 (d]}

First we compute the expected value of oy, in |PS)

(PS|on|PS) = (PS|[{(0ens + oyny + 02n2) @ TH{(aw|u} + aald}) @ (Bu|u) + Bald))}]
= (PS|[{(02na + oyny + o=nz)(aufu} + aald})} @ {1(Bu|u) + Bald))}]
= (PS|[{((ne +iny)ow — nzag)ld} + ((ne — iny)oa + nzaw)|ut} @ {Bufu) + Bald)}]
= [ag{ul + ag{dl} @ {85 (ul + 83 (dl}] - [{((ne +iny)ow —nzaq)ld} + ..
((ne — iny)ag + n.ow)|ut} @ {Bu |u) + Bald)}]
= {ai{ul + og{d|H((ne + iny) o — noaq)ld} + ((ne — iny)ag + neow)lu}} ® ...
{65 (ul + B3 {d}{Bu [u) + Bald)}

= {O‘Z((naz - iny)ad +n.o) + O‘Z((nw + iny)au —n.0q)} ® {ﬁzﬂu + ﬁzﬁd}

Rearranging we find

(PS]on |PS) = {ne(agaatagon)—iny(a,aa—agow)+n. (ayon—agea) }O{ B, But B4 fa}

Likewise, we can compute the expected value of 7, in |PS) and we find

11



<PS| Tm |PS> = {azau'i‘arlad}@{mx(/Bzﬂd+ﬁ§ﬁu)_imy(ﬁ::ﬁd_ﬁéﬁu)'i‘mz(/BZBu_ﬁ;/Bd)}

It is easy to realize that imposing the normalization conditions in Eqs. 6.4

a0 + agog =1

BuBu+ Bfa=1

the previous expressions reduce the single-spin cases. This is

(PS|on |PS) = {ng.(afoq + ofay) — iny(agaq — ajon,) + nz (oo — afjog)} @ 1

= ng(agoq + afjon,) — ing(ogog — ajon,) + nz (oo, — o)

and

(PS|7im |PS) = 1@ {ma(8; 64 + B3Bu) — imy (8,64 — B3Bu) + m=(8y0u — B3Ba)}
= ma (B84 + B3Bu) — imy(B,Ba — BiBu) + m=(8Bu — Bba)

Therefore we proved that

(PS|on |PS) = (Alon|A)

(PS|7m |PS) = (B| 1 | B)

12



Exercise 6.6

Assume Charlie has prepared the two spins in the singlet state. This time,
Bob measures 7, and Alice measures 0,. What is the expectation value of
0Ty’

What does this say about the correlation between the two measurements?
Solution

Using the table of page 350 (appendix of the book) we proceed computing
the expectation value of 0,7, as follows

(sing| 0. |sing) = (sing| 0., = (|ud) — |du))
= (sing| o, (~i [uu) — i |dd))
= (sing| L (~i|du) — i |ud))

= 5 ((ud| — (dul) 75 (=i |du) — i ud))

S

(0—i+0+1)

N[ =

I
o

I think that there is no correlation between the measurements because the
expectation value of 0,7, is 0, this is, the outcome of the composite observ-
able is completely uncertain even though we know the state-vector (as in we
know the system but anything about its parts).

Exercise 6.7
Next Charlie prepares the spins in a different state, called |T}) , where
1
V2

In these examples, T stands for triple. These triplet states are completely
different from the states in the coin and die examples. What are the expec-
tation values of the operators o.7., 0,7;, and o,7,7?

T1) = —5(lud) + |du))

13



What a difference a sign can make!
Solution

We compute the expectation values for the operators o.7., 0,7;, and oy7y;
using again the table in page 350 as follows

(T1]0.7. 1T1) = (Ti o7 J5 (ud) + |du)
= (T1] 02 J5(— |ud) + |du))
= (T3] J5(~ |ud) ~ |du))

= 5 ((ud| + (dul) 5(— [ud) — |du))

S

(-1-0-0-1)

NO|—=

=1

(T1| 00T |T1) = (T1| 00To 5 (Jud) + |du))
= (T1| 005 (luw) + |dd))

= (1] 25 (Jdu) + ud))

S

75 ((ud| + (dul) 75 (|du) + ud))

N[ =

(0+141+0)

Il
+
—_

14



(Tiloymy |T1) = (Ti|oyry 2 (Jud) + |du))
= (T1| 0y 5 (i |uu) — i |dd))

= (11| 5(=i* |du) — i* ud))

S

75 ((ud| + (dul) J5 (|du) + ud))

D=

0+1+1+0)

I
+
—_

Exercise 6.8

Do the same for the other two entangled triplet states,

1
172) = =) +|dd)
IT5) = = (juw) — |dd))
3) = \/5 uu

Solution

We start with |T3) as follows

(T 0.7 1T2) = (Ta] 0.7, L (Juu) + |dd))
= (o] 0 25 (juu) — |dd))
= (T] Ly (uu) + |dd))

75 ((uu + (dd]) 5 (|uu) + |dd))

I
S

(1+0+0+1)

N[

1

Il
+

15



(Ts| 0470 | To) = (To] UITI%(’UU> + |dd))
= (T3] 0075 (lud) + |du))

= (T2| 5(|dd) + |uu))

S

75 ((uul + (dd]) 75 (|dd) + Juu))

(O+1+1+0)

N[

1

Il
+

(Tl o7y 1T2) = {T| 07y L (fuu) + |dd))
= (Ty] 0 5 fud) — i du))
= (Ty] 25 dd) + 2 uu))
L (Qua] + (dd]) () — o))

(-0—1—-1-0)

S

[Nl

=1

Now we do the same for |T3)

(T3] 0.7 |T3) = (T3] UZTZ%OMQ — |dd))
— (o]0 L5 (juu) + |dd)
= (T3] 5 (Juw) — |dd))

75 ((uu| — (dd]) 5 (|uu) — |dd))

S

2

(1-0-0+1)

N[

I
+
—_

16



(T3] 0472 | T5) = (T3] UxTw%(’uw — |dd))
= (T3] 00 5 (Jud) — |du))
= (T3] 5(|dd) — |uu))

= 35 ((uu] — (dd]) 5 (dd) — uus)

S

(0—1-1+0)

N[

=-1

(T oy |Ts) = (Tl oy 5 (Jus) — |dd))
= (T3] 0 L5 (i [ud) + i |du))
= (T3] 25 |dd) — * [u))
L (] — (dd) L5 (— |dd) + Juas)

3(-04+14+1-0)

I
+
—_

In the end, we can summarize the results for Exercises 6.7 and 6.8 as follows

[T = L(ud) + [du) [ [To) = 5w + [dd)) | [Ts) = 2 (Juw) — [dd)) |

2
o 0% +1 +1 -1
OyTy +1 —1 +1
(o % ™ -1 +1 +1

We can repeat the same analysis for the |sing) state as it will be useful for
the next question. Repeating the previous steps that we did for |11), |T5),
and |T3) we get

T [Ising) = L (ud) — [du)) |

2
OxTy -1
OyTy -1
Lo % o -1

17



Exercise 6.9

Prove that the four vectors |sing), |T1), |T2), and |T3) are eigenvectors of

—

o - 7. What are their eigenvalues?
Solution

IF |)\) is an eigenvector of M then
M) = AN
where the constant A is eigenvalue. With this in mind we need to find the

same structure for the operator & - 7 acting on the state vectors |sing), |T1),
|T»), and |T3). Let’s begin with |sing)

g - T|sing) (02Ty + OyTy + 0272) |siNG)

= 0,7z |sing) + oyTy |sing) + 0.7, |sing)

Using the tables that we derived for the previous exercise for |sing) we get

G- Tl|sing) = (—1|sing))+ (—1|sing)) + (—1|sing))
= —3|sing)

Doing the same procedure for |T7) we get

G-T|Th) = (02T +0oyTy+ 027) |T1)
= 0,7 |Th) + oyry |T1) + 0.7 |T7)
=1 |T1> +1 |T1> —1 |T1>
= +1 |T1>
Likewise
G-7|h) = (0u7s + 0oyTy + 027z) [T2)

02T |To) + oy1y [T2) + 0.7 |T2)
1|T) = 1(T%) + 1[T3)
= +1|Ty)

18



And finally

G-T|T3) = (02T + 0oyTy + 0272) |T3)

02Tz |T3) + oy1y |13) + 0.7, |T3)
—1|T5) + 1|T3) + 1|T3)

= +1T3)

Exercise 6.10

A system of two spins has the Hamiltonian

G- 7

H =

| €

What are the possible energies of the system, and what are the eigenvectors
of the Hamiltonian?

Suppose the system starts in the state |uu). What is the state at any later
time? answer the same question for initial states of |ud), |du), and |dd).

Solution

In the previous exercise, we computed the eigenvectors of ¢ - 7 and found an
eigenvalue for each of them . Considering the constant § multiplying the
observable ¢ - 7, we find that the eigenvalues are

_ _ 3w _w _w w
Asing - T~ 2 )\T1 - 92 )\T2 - 92 )\T3 = 3

If the possible energies are captured in the observable H an are ’something
we can measure’ with certain probability, then the eigenvalues of H represent
the possible energies.

For the later part, since we have computed the eigenvectors and know the
that the initial state vector is |uu), we have all the ”ingredients” to proceed
with the recipe of subsection 4.13 (pp 124) to study time-dependence

Recipe for a Schrondiger ket:

19



1. We already have the Hamiltonian operator H
w
H=—-7-7
5 0T
2. The initial state is
(W (0)) = Juu)
3. The eigenvalues and eigenvectors are

3
H |sing) = —% |sing)

H(T) = 5 |71)
H(D) = S |15)
H(Ty) = 5 |T3)
4. The coefficients a;(0) are
Qsing(0) = <fm9’ |¥(0))
= 5 ((ud| = {dul)(|uw))
=0

ar, (0) = (T1]]¥(0))
— L Qud) + () ()

~

[ [9(0))
({wu] + {(dd])(juu))

S e

2

3

=S
|
S

3 [2(0))
= ((uu] — {dd])(Juu))

S-S

20



5. Now we write the inital state vector in terms of the eigenvectors and
a;(0) coefficients we just computed

1(0)) = ar,(0) |T2) + ar,(0) |T5)
6. Now we introduce the time-dependence coefficients
[W(t)) = an,(t) [T2) + oy (t) |T3)

7. Now we substitute o;(t) = aj(O)e_E’\jt

() = J5lemi Mt |Ty) + e itnt |Ty))
L (e 5 Ty) + e 51 |Ty))

We can visualize the amplitudes in Matlab as follows

1 %% Time-dependence and entanglement

2

3 % 1-Spin state vectors to aid 2-spin constructions
4 u [1;0];

5 d = [0;1];

6

7 % State vector

8 Psi = kron(u,u); %|uu>

9

10 % H's eigenvectors

11 sing = (1/sqgrt(2))* (kron(u,d)-kron(d,u));
12 T_1 (1/sqgrt (2)) * (kron (u,d) +kron(d,u) ) ;
13 T2 = (1/sqrt(2)) = (kron(u,u)+kron(d,d));
14 T3 = (1/sqgrt(2)) = (kron(u,u)-kron(d,d));

-
w

o

% H's eigenvalues (times [omegal])
lambda.s = -3/2;
lambda_tl = 1/2;
lambda.t2 = 1/2;
lambda_-t3 = 1/2;

NN R R R R
= O © 0 N O

22 % Computing alphas (t=0)

23 alpha.s = Psi'xsing; % ex. <Psi||sing>
24 alpha_tl = Psi'xT_1;

25 alpha_t2 = Psi'xT_2;

21




26 alpha_t3 = Psi'xT_3;

27

28 % Time-dependence equation [tn = tx (omega/hbar) ]

29 Psi_td = @ (tn) (alpha_s*exp(-lixlambda_s*tn)*sing+...

30 alpha_tl+exp(—-lixlambda_tlxtn)*=T_1+...

31 alpha_t2xexp(-lixlambda_t2+tn)«T_2+...

32 alpha_t3xexp (-lixlambda_t3xtn) «T_3);

33

34 % Time period of plot

35 tn = 0:.05:1/((1/2)/(2%pi));

36 amplitudes = zeros (4, length(tn));

37 for j = l:length(tn)

38 amplitudes(:,j) = Psi_td(tn(j));

39 end

40

41 % Plot amplitude in the complex plane and time as 3D

42 plot3(real (amplitudes(:,:)) ', imag(amplitudes(:,:))"',tn")
43 legend ({'$|uu>S$', "s|ud>s', 'S|du>s', 's|dd>$"}, ...

44 'Interpreter', 'latex')

45 title('Time evolution of $\Psi(t)$','Interpreter','latex')
46 xlabel ('$\textbf{Real} (\alpha-j)$', 'Interpreter', 'latex"')
47 ylabel ('$\textbf{Im} (\alpha_j)$', 'Interpreter', 'latex")
48 zlabel ('$\frac{\omega}{\hbar}t$', 'Interpreter', 'latex’', ...
49 'fontsize',18)

Time evolution of ¥{t)

— |uw >
|udd =
|dw =
|da =

15

10

2

Real{n)

Im(ay)

Now we can modify the previous code to produce similar results for:

22




15

10

e

it

V(0) = [ud)

Time evolution of W{t)

Real{a)

U(0) = |du)

Time evolution of ¥(t)

Real{o )

23

[t =
e =
|du =
|da =

|uu =
|uad =
|du =
|dd =




(0) = |dd)

Time evolution of W{i)

Javie =
| =
Jedie =
|dd =

158

Real(o)

Cevs
Imey; )

Note that in these plots we are adding the eigenvectors and plotting the
amplitudes «a; for the resulting base vectors |uu), |ud), |du), and |dd). For
example

1
\ﬁ

Which we plot as oy, = 1 and o, = agy = agqg = 0.

(IT2) + |T3)) = |uw)
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