Lecture Three Exercise Solutions

Exercise 3.1

Prove the following: If a vector space is IN-dimensional, an orthonormal
basis of IV vectors can be constructed from the eigenvectors of a Hermitian
operator.

Solution

Let VY be an N dimensional vector space and L be a Hermitian operator
in V. Then L can be represented by an N x N matrix and we can solve the
basic eigenvector equation for a non-zero vector |A\) such that LIA) = A |A).
We know det(A — M) = 0 is an n'" degree polynomial, which can be solved
for NV eigenvalues and N corresponding eigenvectors. These eigenvectors will
be orthogonal (or can be chosen to be orthogonal) and form a complete set
(from the fundamental theorem). This means in an N dimensional vector
space, there can always be found N mutually orthogonal eigenvectors of an
NxN Hermitian operator, which can be normalized to form an orthonormal
basis of V.

Exercise 3.2

Prove that Eq. 3.16 is the unique solution to Eqgs. 3.14 and 3.15.

Solution

We know this solution is unique because the determinant of matrix
(3.16) is non-zero.



Exercise 3.3

Calculate the eigenvectors and eigenvalues of o,.

Solution

We are asked to solve the eigenvector equation of the form o, [\) = A |\)
cos  sinf cosa cosa

I\ = AN = ( sinf)  —cosf ) ( sino ) - )\( sinao )

Expanding these products, we have

cost cosa + sinf sina = A cosa = cos(f — a) = A cosa

sinf cosa — cost sina = X sina = sin(f —a) = A sina

Solving both equations in terms of \ :

5= cos(0 — a)
cosa

5= sm((9 — )
sino

cos(0 —a)  sin(f — )

cosa stno

sina cos(0 — a) = cosa sin(f — «)
sina cos(0 — o) — cosa sin( — a) =0
sinfa — (0 —a)) =0

sin(2a —60) =0

Solving for « in terms of € gives us &« = /2 or a = 6/2 + 7/2 and the
following eigenvalues.

0 0
A1 = cos(0 — 5)/6085 =1
0 T 0
Ao = cos(f — 0 — 5)/0085 + 5= -1



0

cosaq cos%
For A =1, M) = < sinag > - < sz’n5 >
2

T4 0 wim (0
ror =L = (5500 ) = (i 1) - ()
S1no sing + 35 cos(5)
Exercise 3.4

Let n, = cosf, n; = sinb cos¢ and n, = sinf sing. Compute the eigenvalues
and eigenvectors for the matrix of Eq. 3.23.

Solution

o — n, (ny —iny) \ _ cosf sinfcosp — isinfsing
"\ (ng +iny) N

-n, sinfcos¢ + isinfsing —cosf

Notice we can rewrite the entries of o, in a more efficient form.

( cos  sinfe”? >
Op =

sinfe®  —cosh

We can assume the eigenvectors are of similar form as those of Exercise
3.3 (with an arbitrary phase change) and we are solving the eigenvector
equation

cos e ®gind cosw cosq
on |[A) = AIA) = ( ePsind  —cosh ) ( sina > o )\( sina )

i

cosO cosa + e P sinf sina = \ cosa

e sind cosa — cost) sina = \ sina

We can solve for €*® in both equations.

oit _ sinfsina

Acosa — cosfcosa

i¢ _ Asina + cosflsina
ol —

sinfcoso
sinfsina Asina + cosfsina
Acosa — cosBcosa sinfcoso



Solving for A gives us

sin? + cos?0 = \2 = \ = +1

To find the eigenvectors of the matrix, we must solve the following for
the correct coefficients.

cos e sind a cos% a cos%
on |[A) = A[A) = ( ePsind  —cosh > ( b sing ) =1 ( b sz’ng

6 0

0 .
a cosfcos— +b e @sinf sin— = a cos—
2 2 2

. 0 0
a €%sinf cos— — b cosd sin— = b sin—
2 2 2

After dividing the top equation by a, we have
0

9 - - Z¢ ) 9 ) - = -
Ccos 0082 + ae sSin 8’L7’L2 6082

Let b = ¢ and a = 1 so that the e~ term cancels accordingly. We
can simplify again using the additive trig identity to obtain the equations
from Exercise 3.3 and see that for A\ =1,

0 [
acoss lcosz
A ( bsin% ) < ez‘z’sin% )

Similarly, for As = —1, we can apply a similar form of reasoning and
find coefficients to the eigenvector from exercise 3.3 so that |A\2) is orthogonal

to |A1> .

)
0 id o /] C S'L?’Li o
coss  e¥sind =0
( 2 2 ) ( —d cosg

T P

cos— csin— — e'Psin— dcos— =0
2 2 2 2
Notice that ¢ = 1 and d = e~*® are solutions to the equations.

inf inf
For As = —1, [Ag) — < csm29 > _ < 1sing >

_ 4 —i¢ [4
dcos 5 e "Pcosq



Exercise 3.5

Suppose that a spin is prepared so that o, = +1. The apparatus is then
rotated to the n direction and o, is measured. What is the probability that
the result is +17

Solution

From exercise 3.4, we know the eigenvector of an arbitrary n axis is
given by

lcos?
|+)\> < e%mg >

2 1COS% 2 29
P(+n)=||<+m|+n>[?=](1 0) it gin 0 |12 = cos®S
2



